Abstract: Joint stiffness has been extensively used to study joint biomechanics. It can be described by a block-oriented, nonlinear, parallel-cascade structure under quasi-stationary conditions defined by the joint operating point. The model parameters are modulated dramatically during functional tasks where the joint operating point is varied with time. This paper reviews three parametric methods developed by our laboratory to identify joint stiffness: a refined instrumental variable method for transfer function identification of time-invariant stiffness, a MOESP subspace method for state-space identification of time-invariant stiffness, and a linear parameter varying subspace method for time-varying stiffness. The effectiveness of each method is demonstrated using experimental data recorded during posture and movement.
INTRODUCTION
Dynamic joint stiffness is defined as the dynamic relation between the angular position of a joint and the torque acting about it. It determines the resistance of the joint to external perturbations before voluntary interventions in postural tasks and the properties of the load and actuator that the central nervous system must control to perform movements, Kearney et al. (1997) .
Studying joint stiffness is significant for a number of reasons: (1) it provides valuable functional insight into the neuromuscular system; (2) it helps in diagnosis, assessment, treatment prescription and monitoring of neuromuscular diseases that change muscle tone; (3) quantitative characterization of stiffness is important in the design of rehabilitation devices to restore lost limb functions, BarOn et al. (2014) ; Amato and Ponziani (1999) ; Palazzolo et al. (2007) .
Dynamic joint stiffness at the ankle has been modelled with the Parallel-Cascade (PC) structure, shown in Fig. 1 . There are two pathways: the intrinsic pathway models mechanical (visco-elastic-inertial) properties of the joint, active muscles and passive tissues and has high-pass filter dynamics; the reflex pathway models the torques resulting from muscle activation due to stretch reflex mechanisms. It is described by a block-oriented, nonlinear pathway Ankle joint stiffness has a parallel-cascade model and consists of intrinsic and reflex pathways. The input is ankle joint position (pos(t)). The output (tq(t)) is the net measured total torque and is the sum of intrinsic (tq I (t)), reflex (tq R (t)) and voluntary (tq v (t)) torques and measurement noise (n(t)).
comprising the cascade of a delay, a differentiator, and a Hammerstein structure, made up of a static nonlinearity (resembling a half-wave rectifier) followed by a low-pass filter. This PC model was proposed by Kearney et al. (1997) and subsequently used for a variety of normal and pathological joints, Moorhouse and Granata (2005) ; van der Helm et al. (2002) ; Larivire et al. (2015) ; Lee et al. (2007) .
The PC structure is a small signal model for Time Invariant (TI) conditions when variations of joint position and muscle activation level are small. Mirbagheri et al. (2000) showed that changes in the joint operating point heavily modulate the intrinsic and reflex pathways. Thus, stiffness will exhibit Time Varying (TV) behaviour when joint position and/or level of muscle activation undergo large changes as in many common tasks (e.g. walking).
This paper summarizes our recent developments in parametric identification of joint stiffness. Section 2.1 describes the Multiple-Input-Single-Output Simplified Refined Instrumental Variable (MISO-SRIV) method for identification of the TI PC model. The PC structure is transformed to a MISO Box Jenkins model that is identified using an iterative method, Guarin et al. (2013) . Section 2.2 reviews the Structural Decomposition SubSpace (SDSS) method for identification of the TI PC model. It models the PC structure as a MISO linear state-space system that is identified with the MOESP subspace method, Jalaleddini and Kearney (2013) . Section 3 reviews the subspace Linear Parameter Varying (LPV)-SDSS method for identification of the TV PC model, Sobhani Tehrani et al. (2014) . It extends the SDSS method to deal with the modulation of the intrinsic and reflex pathway parameters as functions of joint position and muscle activation level. Section 4 demonstrates the successful application of these methods to experimental data gathered under different functional conditions.
IDENTIFICATION OF TIME-INVARIANT MODELS

MISO-SRIV Method
Approximate the intrinsic pathway with a linear model:
where k is discrete time and v(k) and a(k) are joint angular velocity and acceleration; K, B, I are unknown elastic, viscous and inertia parameters.
Approximate the static nonlinearity of the reflex pathway using the basis expansion:
is the delayed velocity, g i is the ith Tchebychev polynomial and ω i is its unknown weight.
Represent the linear element of the of the reflex pathway as a discrete-time, under-damped, second-order, low-pass filter with unity gain:
where q −1 is the backward shift operator.
Represent the PC structure by combining (1), (2) and (3): (4) is a linear, discrete-time, MISO transfer function model whose parameters are related directly to the PC parameters, Guarin et al. (2013) .
This can be expressed as the general MISO transfer function model:t
where u I (k) and u R (k) are the inputs to the intrinsic and reflex pathways. The noise input e(k) is assumed to be white, Gaussian and uncorrelated with other inputs.
) are the unknown polynomials of the intrinsic (reflex) stiffness transfer functions. Note that even though the intrinsic pathway is given by an all-zeros transfer function, in the following development it will be represented by a generalized transfer function given by
. Clearly, when identifying the intrinsic dynamics it is necessary to set A I = 1. H(z −1 ) and D(z −1 ) are the unknown polynomials of the noise model. The system and noise models are parametrized independently so their estimates will be asymptotically independent. Hence, unbiased estimates ofθ I andθ R can be obtained using the simplified refined instrumental variable method, Young (2011) .
The following identification algorithm determines the val-
T that minimize the sum of squared of the prediction error.
MISO-SRIV Algorithm
(1) Assume thatθ 
SDSS Method
Model the intrinsic pathway with a two-sided Impulse Response Function (IRF) whose length is equal to the reflex delay (Δ):
Approximate the static nonlinearity using (2). Represent the reflex linear dynamics with the state-space model:
where x R (k) is the state vector and:
The intrinsic model has no state variables so the MISO, linear, state-space model for the total joint stiffness is:
where:
(10) and ⊗ is the Kronecker product. The constructed input is:
SDSS Algorithm
(1) Construct the input signal u T (k) from (11).
(2) Use PI-MOESP (Verhaegen and Dewilde (1992) ) with u T (k) as input andtq(k) as output to estimate the order of the reflex system, m, and the state-space matricesÂ R andĈ R . (3) Form the data equation, separating the intrinsic and reflex parameters (θ I , θ R ):
whereT Q and E are vectors of measured torque and noise and:
T (4) Decompose the total torque to intrinsic and reflex torques:
where P I and P R are orthogonal projection operators on the column space of the intrinsic (Ψ I ) and reflex (Ψ R ) spaces. (5) Use the subspace Hammerstein method to estimate the reflex pathway model using v d (k) as input and tq R (k) as output, Jalaleddini and Kearney (2013) .
IDENTIFICATION OF TIME-VARYING MODELS
Changes in the operating point during functional tasks result in TV stiffness behaviour. Therefore, we develop an LPV model whose parameters change as a function of a scheduling variable (SV) that is related to joint kinematics and/or muscle activation, Sobhani Tehrani et al. (2014) .
The subspace LPV-SDSS extends the SDSS method to TV conditions so only the differences between the two methods will be described. Firstly, intrinsic stiffness is represented by an LPV-IRF model:
with the IRF weights given by a basis expansion of the SV ρ(k):
where h τ j is the (τ, j) th coefficient for the τ th lag of IRF, h τ ; g j (ρ(k)) is the j th basis expansion of the SV; and n I is the expansion order.
Assign the parameters of (15) and (16) for lag τ to the vector:
(17) Therefore, the intrinsic pathway parameters θ I are:
Secondly, represent the reflex stiffness pathway as an LPV static nonlinearity followed by a state-space LTI system as in (7), where z(k) is the output of the LPV static nonlinearity:
where ω i (ρ(k)) is a basis expansion of the SV:
Consequently, the reflex pathway parameters comprise the state-space matrices A R , C R of the LTI model (7) while B T , D T vectors are similar to (10), but with Ω redefined as:
Finally, the regressor matrices in (12) for the subspace LPV-SDSS method are:
where
Subspace LPV-SDSS Algorithm
The algorithm is similar to that of the SDSS except in: step (1) uses the constructed input defined in (23) 
EXPERIMENTAL STUDIES
We recruited four subjects with no history of neuromuscular disorders. They gave informed consent to the experimental procedures that had been reviewed and approved by McGill University Institutional Review Board. Experimental methods are described in details in Mirbagheri et al. (2000) . Subjects laid supine with their left foot connected to a servo controlled pedal. The stiffness of the actuator was much larger than the stiffness of the ankle which ensured an open-loop system. A precision potentiometer and a torque transducer measured ankle joint Subjects were instructed to control their muscle activation by following a visual command displayed on an overhead monitor. The same screen provided a real-time feedback of their low-pass filtered ankle torque.
We performed four types of experiments, two with timeinvariant and two with time-varying conditions.
Time-Invariant Experiments
Experiment 1: The subject performed 3, 60s long, trials at three activation levels: 15% of plantarflexion Maximum Voluntary Contraction (MVC) (PF trial), no muscle activation (REST trial), and 15% of dorsiflexion MVC (DF trial). The actuator delivered Pseudo Random Arbitrary Level Distributed Signal (PRALDS) position pertubations that switched between random positions with a mean of 0.2rad and a peak amplitude of 0.04rad at uniformly distributed intervals ranging from 100 to 200ms.
Experiment 2: The subject exerted a constant level of activation equal to 5% of their plantarflexion MVC. Three 60s long trials were performed at mean positions of {-0.2,-0.075,0.075}rad. Position perturbations were the same as for Experiment 1.
Results: Fig. 2 shows a typical trial from a time-invariant experiment. We used SDSS to estimate stiffness models from Experiment 1 and MISO-RIV to estimate stiffness from Experiment 2. Both SDSS and MISO-SRIV methods successfully identified the stiffness. The identified models accounted for 91.3% of the identification Variance Accounted For (VAF) on average (minimum and maximum were 87.1% and 95.4%). Fig. 3 shows the models estimated at different activation and position operating points.
The identified intrinsic models resembled high-pass filters whose low-frequency gain, corresponding to the joint elasticity, was significantly modulated with operating point. It was small during no muscle activation (REST) and increased with activation level. It also increased as po- (Fig. 3A,B) .
The identified static nonlinear models of the reflex pathway resembled half-wave rectifiers. Threshold and slope were modulated. Thus, the threshold was smaller and the slope was larger at the PF compared to the REST and DF conditions resulting in a larger reflex stiffness. Moreover, the threshold was larger in plantarflexion and lower in dorsiflexion (Fig. 3C,D) . The linear dynamics estimated for the reflex pathway were low-pass in nature. There were small variations in the break frequency of the filter as a function of activation level but had no significant changes with joint position (Fig. 3E,F) .
Time-Varying Experiments Experiment 3:
The subject generated a time-varying contraction by following a sinusoidal visual command with a period of 60s varying between 0 to 30% of the plantrarflexion MVC. Mean joint position was fixed at 0.2rad. Two trials were performed: an unperturbed trial where there was no position perturbation but a small Pseudo Random Binary Sequence (PRBS) signal (peak 2.5% MVC) was superimposed on the sinusoid visual command; and a perturbed trial where the activation command was sinusoidal but small PRALDS position IFAC SYSID October 19-21, 2015 . Beijing, China perturbations were applied. All trials lasted 120s. Data from the unperturbed trial were used to esimate a model relating the EMG of the ankle plantarflexors and the voluntary torque, Golkar and Kearney (2015) . This model was then used to predict the voluntary component of the torque in the perturbed trial. This torque estimate was also used as the SV of the LPV model and removed from the measured torque prior to esimating the stiffness dynamics. Fig. 4 shows the position, torque and estimated voluntary torque (SV) for a segment of a pertubed trial.
Experiment 4:
The subject was instructed to remain relaxed while the actuator moved the ankle through its range of motion (from -0.4rad plantarflexed to +0.2rad dorsiflexed) in a piece-wise constant trajectory consisting of 10 levels. Transitions between levels occurred at times drawn from a uniform distribution with a range of 4-7s. This trajectory was low-pass filtered at 2.5Hz for smooth transitions. Two trials were performed: an unperturbed trial where the ankle was moved through the trajectory; and a perturbed trial where small PRALDS perturbations were superimposed on the unperturbed trial's trajectory. Both trials lasted 120 seconds. The position and torque recorded during the unperturbed trial were subtracted from those of the perturbed trial to estimate the position perturbations resulting from the PRALDS command and the torques they evoked. The unperturbed position trajectory also served as the SV. Fig. 5 shows a segment of the position, torque, and SV for a perturbed trial.
Results:
The LPV-SDSS method accurately identified the TV stiffness model throughout the large changes in muscle activation of Experiment 3; the identification %VAF was 87.7%. The intrinsic stiffness resembled a highpass filter with elasticity increasing from low to high activation level (Fig. 6A) . The reflex nonlinearity exhibited rectifier characteristics and increased from rest to the lowest activation level and then decreased with further increase in the activation (Fig. 6 C) . The linear reflex dynamics were found to be low-pass (Fig. 6E) .
The LPV-SDSS method also gave good TV stiffness estimates when there were large changes in joint position (Experiment 4); the identification %VAF was 89.9%. shows the frequency response of the intrinsic pathway estimate as a function of joint position. The low frequency gain which determines the elastic parameter, increased significantly towards dorsiflexed position; changes in resonant frequency are evident as the ankle position went from plantar to dorsiflexed positions. Fig. 6D shows the estimated LPV nonlinearity of the reflex pathway as a function of position and velocity. It is evident that the reflex nonlinearity is uni-directionally sensitive to velocity; the velocity threshold for reflex response decreased while its gain significantly increased as the ankle position went from plantar to dorsiflexed. Finally, Fig. 6F shows the frequency response of the identified state-space model of reflex dynamics; it resembles a second-order low-pass filter.
DISCUSSION
We presented three parametric methods for the identification of TI and TV joint stiffness. We demonstrated their successful application in identifying stiffness during posture and movement.
Non-parametric identification methods have been the main focus of our laboratory and extensively used for identification of time-invariant and time-varying joint stiffness, Kearney et al. (1997) ; Ludvig et al. (2011) . Their main strength is that the model structure is very general so they require little a priori information. However, they have two main disadvantages: (1) there is no direct relationship between their parameters and the underlying stiffness properties; (2) they may have many parameters, especially for TV models, and consequently, are less robust to noise and require larger data sets to give reliable estimates.
We presented two parametric methods for identification of stiffness to address these issues. The MISO-SRIV method uses a transfer function model that has few parameters, each of which is directly related to the PC continuous-time parameters. This facilitates physiological interpretation and provides the most resistance to noise. It can handle arbitrary colored output noise which is important since physiological noise is often complex. However, the method does require the system structure to be known a priori. IFAC SYSID October 19-21, 2015 . Beijing, China SDSS, the second parametric TI method, estimates the order of the system as part of the identification procedure. This is important for ankle stiffness where the model order can vary with the operating point, Mirbagheri et al. (2000) . SDSS decomposes the intrinsic and reflex pathways using orthogonal projections which has no convergence issue. As for MISO-SRIV, it can handle arbitrary colored output noise. However, the state-space model used by SDSS will have more parameters than the transfer function model used by the MISO-SRIV method; consequently SDSS is expected to be somewhat less robust to noise.
LPV-SDSS identifies TV stiffness relates the TV behavior to the system variables. Thus, identified models provide insight into the biomechanics of the joint. Identified models can also be used to predict the response of system to new trajectories. This method has other advantages including: guaranteed convergence, accurate and precise estimate of parameters, and potential to closed-loop conditions. However, it requires the SV to be known a priori which is not always the case. Moreover, the linear dynamics of the reflex pathway are assumed to be TI which is not always true. Work is in progress to address these issues.
